In a 4D four-fermion model we study the dynamical restoration of Lorentz and CPT symmetries at finite temperature. We evaluate the gap equation both at zero and at finite temperature and observe that, depending on the parameters of the theory, there is a critical temperature at which the Lorentz and CPT symmetries are restored.
I. INTRODUCTION
The Lorentz and CPT symmetries, are certainly among the more important symmetries of nature (see f.e. [1] ). However, motivated by the fact that spontaneous breaking of Lorentz symmetry may arise in the context of string theory [2] , the possibility of Lorentz symmetry breaking is now being intensively discussed for a large class of field models. In this context, some high precision experiments to measure the scale of this possible breaking have been proposed [3] . In the framework of field theory this phenomenon has been studied in Ref. [4] .
In Ref. [2] the standard model extension (SME) including all possible Lorentz and/or CPT breaking terms was discussed. Some relevant topics on the Lorentz symmetry breaking can be also found in [5, 6, 7, 8] .
The simplest example of a theory with spontaneous Lorentz symmetry breaking is a bumblebee model in which a vector field acquires a nonzero vacuum expectation value (VEV) implying that the vacuum of the theory gets a preferential direction in the spacetime. Different aspects of bumblebee models have been analyzed in the Refs. [9, 10, 11] .
Many versions of the bumblebee models may be defined with different forms of the potential and kinetic terms for the vector field and different couplings to matter and gravity.
Some studies of the coupling of the bumblebee models in a curved space are presented in [12, 13, 14, 15] where this coupling was considered in various spacetime geometries, such as Minkowski, Riemann, or Riemann-Cartan spacetimes.
Let us introduce our bumblebee model. The generic Lagrangian for it looks like [16] 
where L G is the pure gravitational term, L M is the matter term and
is the bumblebee-like term. Here B µ is a vector field, the stress tensor B µν is defined as
the J µ is a matter current and V is the potential which has the nontrivial minimum, responsible for the Lorentz symmetry violation. The most used forms of the potential are
which is linear in B µ B µ and involves a Lagrange multiplier field λ and
which is quadratic in B µ B µ and the Lagrange multiplier λ may assume a constant value.
In this paper, starting from a four-fermion model, we study spontaneous Lorentz and CPT symmetry breaking via a bumblebee potential dynamically induced by radiative corrections at finite temperature. Using the Matsubara formalism, we will discuss the critical temperature at which the Lorentz and CPT symmetries are restored.
This paper is organized as follows. As a first step to introduce the temperature, in Section II we calculate the effective potential and the gap equation at zero temperature in a noncovariant way [17] . In Section III we analyze the gap equation at finite temperature and estimate the critical temperature at which the Lorentz symmetry is restored. The Summary is devoted to the discussion of results.
II. THE GAP EQUATION AT ZERO TEMPERATURE
Before studying the restoration of Lorentz and CPT symmetries, let us provide more details on the derivation of the nontrivial minima of the effective potential at zero temperature in a noncovariant way. These details will be useful for the finite temperature calculation of the next section. Our model is described by the Lagrangian
where ψ is a Dirac spinor field. Following the usual prescription, to eliminate the selfinteraction term of the above Lagrangian we introduce an auxiliary vector field B µ which leads to an equivalent Lagrangian,
Now, by performing the fermionic functional integration we obtain the effective action given by
The Tr stands for the trace over Dirac matrices as well as the for the integration in momentum or coordinate spaces. Thus, the effective potential for a constant B µ turns out to be
To investigate the existence of nontrivial minima, we look for solutions of the expression
where
is the one-loop tadpole amplitude. To evaluate this integral, we use the same perturbative route applied in [17] , where the propagator is the usual
an insertion in this propagator and the trilinear vertex is −iγ µ γ 5 . With these Feynman rules the contributions to Π µ are shown in Fig.1 . By calculating the traces of the Dirac matrices in four dimensions we found that the first and third graphs vanish. The graphs with more than three insertions also vanish [17] .
After the calculation of the traces of the Dirac matrices, the second graph of Fig. 1 gives
where we have changed the Minkowski space to Euclidean space by performing the Wick 
where, as a consequence,p µ = (0, p). Then, we substitute this expression into Eq. (12),
with
and
where we have promoted the 3-dimensional space integral to D dimensions, introduced an arbitrary parameter µ to keep the mass dimension unchanged and, due to the symmetry of the integral under spacial rotations, replaced
in the integrand. Now, by integrating over D dimensions, we have
Finally, we integrate over the momentum p 4 and obtain
and Π 2 = 0.
The analytic expression for the fourth graph of Fig. 1 , after transforming to Euclidean space, can be written as
By following the same steps as above for Π b and using also the rotational symmetry of the integrands, which justifies the replacement
we obtain
where we have also integrated over D dimensions. Now, by integrating over the momentum p 4 , we obtain
and Π 4 = Π 5 = Π 6 = 0. By collecting the above results and expanding around D = 3, the expression for Π µ can be written as
with ǫ = 3 − D, µ ′2 = 4πµ 2 e −γ . Then, after returning to Minkowski space, the expression (10) can be written as
where we have introduced the renormalized coupling constant
Therefore, we see that a nontrivial solution of this gap equation is the usual one [17] 
From this equation we see that a nontrivial minimum in the case of a timelike b µ is possible if
whereas a nonzero spacelike b µ requires
In order to estimate the critical temperature at which restoration of Lorentz and CPT symmetries occurs, we assume that the system is in thermal equilibrium at temperature T .
We use the Matsubara formalism, which consist in taking p 4 = (n + 1 2 )2πT and replacing dp 4 2π = T n in Eqs. (18), (19), (24), (25) and (26).
Again, we will calculate the momentum integral by adopting the dimensional regularization scheme. To perform the summation we use an explicit representation for the sum over the Matsubara frequencies [20] :
which is valid for λ < 1 and possesses poles at λ = 1/2, −1/2, −3/2, · · ·. If we take D = 3 in Eqs. (18) and (19) we can see that λ < 1, but at λ = 1/2, −1/2 these expressions are singular. Taking the limit D → 3 we find that the Eq. (14) becomes
where ξ = m 2πT
and the functions F I (ξ) and F II (ξ) are given by
The plots of these functions are presented in the Figs. 2 and 3. Their asymptotic behaviors at high temperature are F I (ξ → 0) ≈ 1/2 and F II (ξ → 0) = −1/3 and they vanish at zero temperature.
By setting D = 3 in Eqs. (24), (25), and (26), we have λ > 1 and thus we should use the recurrence relation
and therefore we now obtain λ = 1/2 and λ = −1/2 as required for using Eq. (34).
Proceeding in this way, we arrive at the following form of the Eq. (23):
These functions are ploted in Figs. (4) and (5). At high temperature, their asymptotic behavior are given by
The gap equation (29) becomes
Analysing this equation, we find that there are the following possible situations: 
where we have used G
(32)) , and both F I (ξ) and |F II (ξ)| monotonically grow with T . In particular, as T → ∞, F I → 1/2 and |F II | → 1/3. Therefore, at a certain temperature, that is, the critical temperature, the condition b 4 = 0 is satisfied. For higher temperatures, the term in parentheses in Eq. (44) becomes negative and therefore at temperatures larger than this critical temperature, the Lorentz symmetry will be restored.
(iv) b 4 = 0 and b i = 0. In this case the gap equation is
Hence, as We would like to compare our results with those ones in Ref. [18] where the structure of the radiatively induced Lorentz and CPT violating term was also considered. The analysis in that reference was based in the vector field vacuum polarization tensor Π µν computed up to linear terms in b µ whereas we examined the one point function Π µ up to third order in that parameter. Notice that in [18] b 4 is taken to be zero and, as a consequence of their analysis, the breaking increases with the temperature. In our case the parameter b µ is generated by the vacuum expectation value of the auxiliary vector field used to eliminate a quartic fermionic self-interaction. When our b 4 is zero two possibilities arisen as discussed in the previous Section; in one of them there is a critical temperature above which the symmetry is restored but in the other possibility the breaking increases with the temperature similarly to the result of [18] . 
